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1. Introduction 
Let us consider the following second order ODE: 

(1) y" = P(x, y) + 3 Q(x, y)y' + 3 R(x, y)y' 2 + S(x, y)y' 3 . 
General point transformations 

(2) x = x(x,y), y = y(x,y) 

preserve the form of equation ([1]) . 

Let us consider two arbitrary equations ([T|). The problem of existence of the 
point transformation that connects these equations is called the Equivalence 
Problem. For the arbitrary equations ([1]) the explicit solution of the equivalence 
problem is rather complicated, see [21] , [53] . It was effectively solved for the linear 
equations, see [15], [TUJ, [13], [H], [2PJ, OQ; for some Painleve equations, see [IB], 
G3, QQi[Z2]i [H], [12]; for the Emden equation, see [5] and for other equations, for 
example, see [35], [13] . 

The main approach that allows to solve the equivalence problem is based on 
the Invariant Theory. Invariant is a certain function depending on (a;, y) that is 
unchanged under the transformation I(x,y) — I(x(x,y),y(x,y)). 

Pseudoinvariant of weight m is a certain function depending on (x, y) that is 
transformed under ^ with factor det T (the Jacobi determinant) in the degree m: 

J(x,y) = (detTr.J(x(x,y),y(x,y)), T = ( fj^ fj^) ■ 
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Pseudotensorial field of weight m and valence (r, s) is an indexed set that trans- 
forms under change of variables ((2]) by the rule 



pti...i r 



(dctT)' 



E 

pi...p r qi...q 



here 5 = T _1 . It is easy to check that only factor (detT) m distinguishes the 
pseudotensorial field from the classical tensorial field. 

Invariant Theory of equation (UJ goes back to the classical works of R.Liouville 
P2], S.Lie [TBI, A-Tresse [24], [23], E.Cartan [5], [22] (Late 19th- and Early 20th- 
century) and continues in the works of [TO], [IB], [TJ, g], [TJ, [7], [2D], [2J], [TJ 
(Late 20th-century). It remains an active research topic in the 21th-Century, see 
[2] , [2] , HU ■ Background is adequately described in papers [1] , [2J . 

In the present paper we use notations from works [7] , [20] , [21] , [17] to calculate 
the invariants and pseudoinvariants of equations (UJ) . The correlation between these 
(pseudo)invariants and semiinvariants from works [5], |19] (as they were presented 
in [2J) shows in the next chapter. The explicit formulas for their computation 
via known functions P(x,y), Q(x,y), R(x,y), S(x,y) contained in the Appendix 
A. Here and everywhere below notation Ki.j denotes the partial differentiation: 
Ki.j = <)' ' • l\ il.v- Oy. 

2. Computation of invariants 

2.1. Some geometric objects. Step 1. From the functions P, Q, R and S, that 
are the coefficients of equation (JJJ), let us organize the 3-indexes massive by the 
following rule: 

e m = p, 8i2i = e 2U = e U2 = q, 

©222 = S, 6l22 = ©212 = ©221 = R- 

As the 'Gramian matrixes' let us take the following couple: 
1 



d' J 
di i 



-1 

1 

-1 



, pseudotensorial field of the weight 1, 



, pseudotensorial field of the weight -1. 



Step 2. Let us reise the first index 



(3) 



r=l 



Under the change of variables ([2J 0fy transforms "almost" as a affine connection. 
(The transformation rule is into the paper [7]). 

Step 3. Using 0^ as the affine connection let us construct the "curvature 
tensor" : 



<96 fc r)(=) fe 



du l 



q=l 



q=l 



and the "Ricci tensor" fi r j — J2k=i ^rkj- T ne both objets are not the tensors. (Sec 
Step 4. The following 3 indexes massive is the tensor: 
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Here we use instead of the affine connection when made the covariant differen- 
tiation. 

Step 5. Using the tensor Wijk let us construct the new pseudovectorial fields: 



2 2 

1 i 

Oik 



= - ^ Wijkd^ pseudocovectorial field of weight 1, 

»=1 3=1 

Pi = 3V \akd kr a r + V r otkd kr on pseudocovectorial field of weight 3. 



The coincident pseudovectorial fields are: a 3 = d? k ctk of weight 2, ft 3 = d Jl (3i of 
weight 4. 

There are only 3 situations: 

(1) Pseudovectorial field a=0, maximal degeneration case, equation is equiv- 
alent to y" = 0; 

(2) Fields a. and (3 are collinear: 3F 5 = a 1 Pi = 0, intermediate degeneration 
case; 

(3) Fields a. and (3 are non-collinear: 3F 5 — a 1 Pi ^ 0, general case. 

At the present paper we consider the intermediate degeneration case: F = but 

OL^ 0. 

Step 6. Let us denote the quantities tpi and ip2 (their explicit formulas the are 
into Appendix A) and organize the affine connection and the pseudoinvariant 
Q of weight 1 



dy dx 



The rule of covariant differentiation of the pseudotensorial field was presented in 

Qpil..A r r 2 s 2 

v*it'.± = -j^-Y. E r t„^::.X"-"-E E T *l F tX.^+™v^ 

n— 1 — 1 n—1 w n — l 

If the pseudotensorial field F has type (r, s) and weight m, then the pseudotensorial 
field VF has type (r, s + 1) and weight m. 

Step 7. Pseudovectorial fields ct and (3 are collinear, hence exists the coefficient 
N, it is the pseudoinvariant of weight 2, such that: P = 3Na. Then 

C = ^ 3 -N, M=- ai C, 7 = -£-2fia, T = - ^P^ . 

Here £ - pseudovectorial field of weight 3; M - pseudoinvariant of weight 4; 7 - 
pseudovectorial field of weight 3; T - pseudoinvariant of weight 4. (See paper [7]). 



2.2. Invariants. In this paper we are interest the case M 7^ 0, that named the 
first case of intermediate degeneration. By definition it means that also N 7^ and 
77^ 0. The basic invariants are 
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By differentiating invariants I\ , I 2 , la along pseudovectorial fields a and 7 we get 
invariants 

V a 7i V Q / 2 _ V Q / 3 

(K . h -—' h -—> /6 ~^v~' 

1 j T = (V7A) 2 . = (V 7 / 2 ) 2 . = (V 7 / 3 ) 2 

7 N 3 N 3 ' TV 3 ' 

Repeating this procedure more and more times, we can form an infinite sequence 
of invariants, adding six ones in each step. 

So, to calculate the invariants we have to compute: 

(1) pseudovectorial held a — (B, — A) T of weight 2, see formula (|2T))) ; 

(2) pseudovectorial held 7 of weight 3, see formulas (|3T5)) . (1571) ; 

(3) pseudoinvariant F of weight 1 , see formula (jBTJj) ; 

(4) pseudoinvariant M of weight 4, see formulas (f32j) . (|33l) : 

(5) pseudoinvariant N of weight 2, see formula ([3Tj) ; 

(6) pseudoinvariant O of weight 1, see formulas (fM]) . ([3"5]) ; 

(7) pseudoinvariant T of weight 4, see formula ([3"5]) . 

2.3. Correlation between the semiinvariants. No doubt the main part of the 
pseudoinvariants have been known previously. 

At the work E.Cartan [5] have adopted the following notations: 

P = -a 4 , Q = -a 3 , i? = — a 2 , S = —ai, A = —Li, B = -L 2 . 

At the work R.Liouville |19j were presented the semiinvariants ^5, toi, i 2 and 
the quantity i?i (see rewiew in [S]). Here is a link between these quantities and 
pseudoinvariants F, Q, N and quantity H: 

F 5 = v 5 , H = L 1 (L 2 ) X -L 2 (L 1 ) X +3R 1 , Q = -^-l^-i^^L, N = |. 

Pseudovectorial held 7, pseudoinvariant Af and pseudoinvariant T first appeared 
in the papers [7], [10], IS]- At the present paper we use the new notation in order 
to be able to compute the chais of invariants 

3. The main problem 

The main problem is to describe the equivalence classes of equations ([T|) from 
the hrst case of intermediate degeneration with the conditions I\ = const ^ and 
I2 = under the general point transformation ©. So, we investigate equations ((T|) 
such that 

(6) a ^ 0, F = 0, M ^ 0, h = const ^ 0, I 2 = 0. 

It is easy to see that two sequences of the invariants ([S]) become trivial ones: I4 = 
I 7 = . . . = and h = I s = ■ ■ ■ = 0. 

According to papers [T], [2], each equation (p} that satisfies the relations F = 
and I2 = can be transformed into the form 

(7) y" = P(x,y). 
For equations (UJ holds the following relations: 

A = P . 2 ^0, B = 0, M=^$i-^ £ ^0, N=-^±, I 2 =0. 
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Let us calculate the invariant I\: 

(8) 

M 18 o AA . 2 18 AA Q . 2 6 

H = TTo = ~ ^~ 72 — = ^i ~ const ^ o, — = Gi = const yt —. 



N 2 



A 



A 1 

0.1 u ^O.l 

4. Four Types of equations 



Theorem 1. Every equation {Ip with conditions {6]) can be transformed by point 
transformations into the form: 



y" = P*(y)+t(x)y + s(x), 



where 



P*(y) = 



y(\ny - 1), 

yC+ 2 



I (C+l)(C + 2)' 



3 
5 5 

9 

~io ; 

12 

3(C + 5) 
5C : 



C = const f -5, -2, -1, 0. 



Proof. Let us resolve the differential equation (|8|) with respect to the function 
A(x,y). There are two possibilities: 

Ci = l, A(jb, y) = b{x) ■ e a{x)y , 



(9) 



d^l, A(z,y) = ((a(: C ) 2 / + &(x)) C , C = 



1-<V 



where a{x) and are arbitrary functions. 

According to paper [2J, the most general point transformations preserving the 
form ([7]) is the following transformation: 



= a p 2 {x)d{x) + f3, y — p(x)y + h(x) . 



(10) 



Here a, /3 - constants, p{x), h{x) - certain functions. 

Therefore the direct and inverse transformations matrices S and T are 



S 



dx/dx dx/dy 
dy/dx dy/dy 



ap 2 (x) 

pi.o(x)y + h o.i{x) p{x) 



detS = ap 3 (x), 



T=S~ 1 



ap 2 (x 



~Pi.o(x)y - h .i(x 







1 



detT 



1 



ap 3 (x) 



ap s (x) p(x) 

After the transformations (fT0|) the pseudovectorial field a of weight 2 changes as 



D 

-A 



T 







(detT) 2 V -A 





— ap 5 (x)A 



So the transformation rules for A and B are: A(x,y) = a 2 p 5 (x)A(x(x), y(x, y)), 
5 = 0. 

Let C\ = 1 and function v4 from then 

I(i,y) = aV(^Wi))^ (l(i,)(p( * +l(i)) = a 2 p 5 (5)6(o;(i))e 



a(x(x))h(x) e a(x(x))p(x)y 
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Choosing the appropriate functions h(x) and p(x) we can get 

a 2 p 5 (x)b(x(x))e a ^ )h ^ = 1, a(x{x))p(x) = 1, A(x,y) = e 5 . 

Let G\ 7^ 1 and function A from then 

y) = a 2 p 5 (x) (a(x(x))p(x)y + [a(x(x))h(x) + b(x(x))]) C 

Choosing the appropriate functions h(x) andp(ai) we can get a(x(x))h(x)+b(x(x)) = 
0, aV +c (i)a c (i(i)) = 1, A(x,y) = y c . 

So, if equation ([T]) with conditions ([6]) is written in terms of canonical coordinates 
(let these coordinates will be (x,y)), there may be two possibilities: A(x,y) = e v 
or A(x,y) = y c . Therefore A — P0.2 then it may be 4 opportunities: 

P{x,y) =e y + t(x)y + s(x), C x = 1, 

P(x,y) = -kiy + t{x)y + s(x), C = -2, 

P(a;, y) =y lny — y + t(x)y + s(x), C = — 1, 

P(ar, y) = - jTT^qr^j + + S W> C = cor ^ 7^ -5, -2, -1, 0. 

Here i(a;), s(x) are the arbitrary functions. 

Four different types of equations ([1]) with conditions ©. 
Type Equation A C C[ h 

~L y" = e» + t{x)y + s(x) e" - 1 | 

II y" = -\ny + t(x)y + s(x) ^ -2 I 

III y" =y(\ny-l)+t(x)y + s(x) \ -1 2 -f 

IV y"= (c+ ^ +2) +^ + ^) ?/ C 0,-1, -2, -5 g ggg 



5. Equations of Type I 

Definition 1. Let us say that equation fip has Type I if conditions (0|) hold, where 
h = 3/5. 

According to Theorem [T] any equation ([I]) of Type I can be transformed by point 
transformations ([2]) into the canonical form: 

(11) y" = e y +t{x)y + s{x). 

Lemma 1. The most general point transformations that preserve the canonical 
form ill}) are the following ones: 

(12) x — ax + [3, y = y — 2 In a. 

Here a, (3 are some constants. The new equation has the form: y" = e y + t(x)y + 
s(x), where 

t(x) — a 2 t(ax + j3), s(x) — a 2 s(ax + j3) — 2a 2 In a ■ t(ax + j3). 
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The proof of Lemma Q] follows from the straightward calculations. We apply 
transformations (fTO)) to the equation (fTT|) . They must preserve the form of equation. 
Then in these canonical coordinates the non-trivial invarians (HJ), (JS|), are equal: 

l3 = Tb + I5i» (<(s)y + S(a;)) ' h = 5^ ^ X)y + S( - X) ~ ' 

Let us introduce the additional invariants: 

T 1Kr 1 t(.T)ty + s(.t) + s(g) - 
J 3 = 151 3 - 1 = , J 6 = 51 6 = , 

e y e y 

J3 s(x) , / Js\ , . . s(x) 

(13) J =^^ + iy' J ^ J+ln (Tj^ ln ^ )+ iy' 

j = 1875/ = &y + s 'w? ^ = ^ = v^k+jW 



Theorem 2. Lei equation {TJj fee an arbitrary equation of Type /. TTien ii is equiv- 
alent to some equation from the following list of nonequivalent equations of Type 
I: 

(1) If J3 = from \13\) then it is equivalent to y" = e v . 

(2) If Jz 7^ canst, J3 = Jq, K = /rom i f_?3|) £/ien it is equaivalent to y" = e v +l. 

(3) If J3 7^ const, J3 7^ J$, J& 7^ const, J\ = a = const, K — from II 13]) then 
it is equaivalent to y" = e y + y + a. 

Two equations of Type 1.3 are equivalent if and only if invariant J\ for both 
equations is the same and equal to constant a. 

(4) If J3 7^ const, J3 = Jq, K = k = const =/= from \13]) then it is equaivalent 
to y" = e y + A/kx 2 . 

Two equations of Type 1. 4 are equivalent if and only if invariant K for both 
equations is the same and equal to constant k 7^ 0. 

(5) If J3 7^ const, J3 = Jq, K const from US]) then it is equaivalent to 
y" — e y + s(x), s(x) 7^ const. 

Two equations of Type 1.5 are equivalent if and only if after the transfor- 
mation x = K(x,y), y = J 3 {x,y) their notations become identical. 

(6) If J3 7^ const, J3 7^ Jq, Jq 7^ const, J\ 7^ const, K 7^ const from H13]) then 
it is equaivalent to y" = e y + t(x)y + s(x), t(x) 7^ 0. 

Two equations of Type 1.6 are equivalent if and only if after the transfor- 
mation x = J\{x,y), y — J(x,y) their notations become identical. 

In the cases 1.5 and 1.6 functions t(x) and s(x) are definited up to transformations 

Proof. Let equation fl} be an arbitrary equation of Type I. Then in the terms 
of canonical coordinates it has the form (fTTj) . Let us calculate the invariants (fT3"|) . 

(1) If J 3 = then (t(x)y + s(x))/e y = t(x) = 0, s(x) = 0. Therefore 
equation fl} can be reduced into the canonical form y" = e y . 

(2) If J 3 ^ const, J 3 = J 6 , K = 0, then 

t(x)y + s(x) _ t(x)y + s(x) - t(x) (t'(x)y + s'{x)) 2 _ Q 
e y e y ' (t(x)y + s(x)) 3 
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Equations of Type I. 



Type 


J 3 


■h 


Ji 


K 


Canonical form 




LI 













y" = ey 






1.2 


7^ const 


Js 







y" = e v ^ 


- 1 




1.3 


7^ const 


+ h, 


const=a 





y" = e v ^ 


- y + a 








7^ const 












14 


7^ const 


h 




const — k 7^ 


y" = e y ^ 


4 

A; a; 2 




1.5 


const 


h 




7^ const 


y" = eM 




s{x) 7^ const 


1.6 


7^ const 




7^ const 


7^ const 


y" = e*M 


-t(x)y 


+ s(x), 






7^ const 






*(*) ^ 







Hence t(x) = 0, s'(x) = 0, accordingly s(x) = s = const ^ 0. If s = then 
J3 = and equation has Type LI. So in the terms of canonical coordinates 
this equation has the form y" — e y + s. Let us make the transformation 
(fl2|) then s = a 2 s. Choosing the parameter a we could make 2=1. Thus 
the canonical form is y" = + 1. 
(3) If J3 7^ const, J3 ^ Jq, Jq 7^ const, J\ = a = const, K — then 



m^ ) + 44 = a, Wv + 'W =0 . 

t(s) (t(ar)y + s (z)) 3 

Hence i(x) = t = const 7^ 0, s(.t) = s = const and equation has the form 
y" = e* + ty + s. Let V" = e Y + TY + S, T = const ^ 0, S = const is 
another equation of this type. These equations are equivalent if and only if 
T = a 2 t, S = a 2 s — a 2 t In a 2 then between t, s and T, S exists the following 
connection 

sT /T\ s S 

S=— -Tln(-J «■ lnf + -=lnT+- ^ J\(x,y) = Ji(X,Y) = a. 

Thus we see that two equations of Type 1.3 are equivalent if and only if 
invariants J\ for both equations are equal to constant a. 

Now let us select the canonical form for equations of Type 1.3. We 
make transformation (I12p and choose the parameter a so that into the new 
coordinates t = 1, then invariant J\ = 2 = a. Hence equation has the 
canonical form y" = e y + y + a. 
(4) If J3 7^ const, J3 = Jq, K = k = const =/= 0, then 



i(x)y + s(x) *(ac)2/ + s(x) - i(x) (t'(x)y + s'(x)) 2 



= k. 



e y ev (t{x)y + s(x)) c 

Hence t{x) = and we have a differential equation on function s(x): 
s' 2 (x) = ks 3 (x). The solution: s(x) = 4 / (sfk ■ x + c) 2 , c = const. Now 
let us choose the canonical form for the equations of Type 1.4. Making the 
transformation (fT12j) we get 



2(x) = a • s(ai + j3) 



(ay/k ■ x + \fk, ■ P + c) 2 ' 

then select the parameter /3 such that \fk ■ (3 + c — for any a. So equation 
has the canonical form y" = e y + 4/ (kx 2 ). Two equations of Type 1.4 equiv- 
alent if and only if invariants K for both equations are equal to constant 
k ^ 0. 
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(5) If J3 7^ const, J3 — Jq, K 7^ const then 

t(x)y + s(x) t(x)y + s(x) — t(x) 
e y ~ e y 



so t(x) = 0. 



Then in terms of canonical coordinates equation has the form y" = e y +s(x). 

Let us solve the equivalence problem for the equations of Type 1.5. We 
have two possibilities. One way is to reduce both equations into the canon- 
ical coordinates: y" = e v + a(x), Y" = e Y + S(X). These equations 
are equivalent if and only if there exist appropriate a and /3 such that 



The other way is based on the observation that for any equation (JTJ of 
Type 1.5 invariants K and J3 are functionally independent. So, if the first 
equation has the form ([l} and depends on coordinates (x, y) and the second 
equation has the form {I) and depends on coordinates (X, Y), we can make 
the invariant point transformation 

x = K(x,y), y = Js(x,y) for the first equation, 
x = K(X, Y), y — J${X, Y) for the second equation. 

Equations are equivalent if and only if in the term of coordinates (x, y) 
their notations become identical. 
(6) If J3 ^ const, J3 7^ Jq, Jq 7^ const, J\ 7^ const, K 7^ const then in terms of 
canonical coordinates equation has form y" = e y + t(x)y + s(x), t(x) 7^ 0. 

Let us solve the equivalence problem for the equations of Type 1.6. As 
at the previous case we have two possibilities. 

The first way: in terms of canonical coordinates these equations have 
forms 

y" = e y + t(x)y + s(x), Y" = e Y + T(X)Y + S(X). 

They equivalent if and only if exist constants a and /3 such that 

T(X) = a 2 t(aX + fi), S(X) = a 2 s(aX + 0) - 2a 2 la a ■ t(aX + /?). 

The second way: note that for any equation (fTJ) of Type 1.6 invariants Ji 
and J are functionally independent. So, we can make the invariant point 
transformation 

x = J\{x, y), y = J(x, y) for the first equation, 

x = J\(X, Y), y — J(X, Y) for the second equation. 

Equations are equivalent if and only if in the term of coordinates (x, y) 
their notations become identical. 



Definition 2. Let us say that equation has Type II if conditions (0) hold, where 



According to Theorem [T] any equation {T]) of Type II can be reduced by point 
transformations ^ into the canonical form: 



S(X) = a 2 s{aX + fi). 



6. Equations of Type II 



h 



9/10. 



(14) 



y 



my + t(x)y + s(x). 
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Lemma 2. The most general point transformations that preserve the canonical 
form \1J$ are the following ones: 

(15) x = a~ 3 £ + /?, y = aT'Sy. 

Here a, ft are some constants. In the new coordinates this equation has the following 
form: y" = — lay + t(x)y + s(x), where 

t(x) = a~%t(a~^x + f3), s{x) = s(a~^x + 0) + ^ lna. 

Then in terms of canonical coordinates the non-trivial invarians (j4|), ([5]), (|39|) : 

2 2 3 3 54 

h = -hiy--(t(x)y + s(x)), h = -- -yt(x), I 9 = - —y {t' {x)y + s' {x)) . 

Let us introduce the additional invariants 

J 3 = — - = lay-t(x)y- s(x), J 6 = 3 5/e = t(x)y, 

(16) 2 625/g 2 3 

J 9 = — — = y (t'(x)y + s'(x)) , J = ln(J 6 ) - J 3 - J 6 = s(o;) + lni(x). 

Theorem 3. Let equation (Qp &e an arbitrary equation of Type II. Then it is equiv- 
alent to some equation from the following list of nonequivalent equations of Type 
II: 

(1) If Jq — 0, Jg = from j!6\) then it is equaivalent to y" = — lay. 

(2) If Jg 7^ const, Jg = 0, J — a from hl&jl then it is equaivalent to y" = 

— lay + y + a. 

Two equations of Type II. 2 are equivalent if and only if invariant J for both 
equations is the same and equals to constant a. 

(3) If Jq — 0, Jg 7^ const from A16[) , then the equation is equaivalent to y" — 

— lay + s(x), s(x) ^ const. 

Two equations of Type II. 3 are equivalent if and only if after the transfor- 
mation x = J^{x,y), y — Jg(x,y) their notations become identical. 

(4) If Jg 7^ const, Jg const from \16\) then it is equivalent to y" = — lay + 
t(x)y + s(x), t(x) ^ 0. 

Two equations of Type II. 4 are equivalent if and only if after the transfor- 
mation x — J(x,y), y = Je{x,y) their notations become identical. 

In the cases II. 2, II. 4 functions t{x), s(x) are definited up to transformations h!5\) . 



Equations of Type II. 



Type 


■h 


•h 


J 


Canonical form 




II. 1 










y" = — m y 




II. 2 


7^ const 





a = const^ 


y" = — lay + y + 


a 


II. 3 





7^ const, 




y" = — lay + s(x 


), s(x) 7^ const 


114 


7^ const 


^ const 


7^ const 


y" = -\ay + t(x] 


\y + s(x), t(x)^0 



Proof. Let us have the certain equation ([T]) of Type II. Then in terms of 
canonical coordinates it has form (fl4|) . 
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(1) If J 6 = and Jg = then t(x)y = 0, y (t'(x)y + s'{x)f = ^> t{x) = 0, 
s(x) = s = const and equation may be reduced into the form y" = — hiy+s. 
Let us make transformations (fT5j) . Then s = s + 2/3 In a. Choosing the 
appropriate a we can make s = then equation will be y" = — lny. 

(2) If J 6 ^ const, J 9 = 0, J = a, then y {t'{x)y + s'(x)) 2 = t'(x) = 0, 
s'(a;) = 0. Accordingly f(a:) = t = const, s(x) — s = const and equation will 
be y" = — Iny+ty+s, t ^ 0. Let we have another equation of Type II. 2 such 
that in terms of canonical coordinates it has the form Y" = — In Y+TY + S, 
T = const, T ^ 0, S = const. These equations equivalent if and only if 

T = a~h, 5 = s+|lna 4^ S + lnT = s + lni ^ J(^, y) = J(X; Y) = a. 

So we see that two equations of Type II. 2 are equivalent if and only if 
invariants J for both equations are equal to constant a. 

Now let us find the canonical form for the equations of Type II. 2. After 
the transformations (fT5|) t = a~^t, s — s + 2/3 In a. Choosing the ap- 
propriate a we can get t = 1. Consequently the canonical form is y" = 
— Iny + y + a. 

(3) If Jq = 0, Jq const, then = 0, s'(x) 7^ 0. Therefore in terms of 
canonical coordinates equation has form y" = — lny + s(x), s(x) 7^ const. 

As at the previous case for the equations of Type I we have two possibil- 
ities. The first way: in terms of canonical coordinates two equations have 
forms 

y" = -lny + s(x), Y" = -hxY + S(X). 
They equivalent if and only if exist constants a and j3 such that S(X) = 
s(a"3l + f3) + 21na/3. The second way: note that for any equation (p} 
of the Type II. 3 invariants J3 and Jg are functionally independent. So, we 
can make the invariant point transformation 

x = J 3 (x,y), y = Jg(x, y) for the first equation, 

x = Js(X, Y), y = Jg(A, Y) for the second equation. 

These equations are equivalent if and only if in terms of new coordinates 
(i, y) their notations become identical. 

(4) If J 6 7^ const, Jg ^ const then equation is equivalent to y" — — lay + 
t{x)y + s(x), t{x) ^ 0. The first way: in terms of canonical coordinates two 
equations have forms 

y" = e y + t(x)y + s(x), Y" = e Y + T{X)Y + S(X). 

They equivalent if and only if exist the constants a and /3 such that 

T(X) = a~h(a~^X + f3), S(X) = s(a^I + ^) + - In a. 

o 

The second way: note that for any equation (JT]) of the Type II. 4 invari- 
ants J and Jq are functionally independent. So, we can make the invariant 
point transformation 

x = J(x,y), y = J e (x,y), x = J(X,Y), y = J 6 (X,Y) 

These equations are equivalent if and only if in terms of new coordinates 
(x, y) their notations become identical. 
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7. Equations of Type III 

Definition 3. Let us say that equation |7p has Type III if conditions (0|) hold, 
where I\ = —12/5. 

According to Theorem Q] any equation (JlJ of the Type III can be reduced by 
point transformations ([2]) into the canonical form: 

(17) y" = y{lny-l)+t(x)y + s(x). 

Lemma 3. The most general point transformations that preserve the canonical 
form |j7| ) are the following ones: 

(18) x = ±x + (3, y=^=. 

Here a, /3 are certain constants. In term of new coordinates equation has form: 
y" = y(lny — 1) + t{x)y + s{x), where 

t(x) = t(±x + (3)-^-, s(x) = y/a ■ s{±x + (3). 



Then in term of canonical coordinates the non-trivial invarians Q , ([5]) , (|39 

4 , , x 4 , , , , ,, 4 4s(x) 256 , „ . 

= 15 (1 ~ ln ^- Wy {t{x)y + ' 76 = " 5~ ST' h = -1875? ^ " 
Let us denote the additional invariants 



4 - 15/ 3 ^^0*0 t l + 5/ 6 s(a:) 

J 3 = 1 =\ny + t(x) + —, J^^—^—, 

(19) 

256 y 2 

Theorem 4. Let equation {IJ) oe an arbitrary equation of Type III. Then it is 
equivalent to some equation from the following list of nonequivalent equations of 
Type III: 

(1) // Je — 0, Jg = from M9\) then it is equaivalent to y" = y(hiy — 1). 

(2) // Jq = 0, Jg = b 2 = const ^ from U9\) then it is equaivalent to y" — 
y(lny — 1) ± bxy. 

Two equations of Type III. 2 are equivalent if and only if invariant Jg i f 19\) 
for both equations is the same and equals to the constant b 2 . 

(3) // Jq 7^ const, Jg — 0, J — a from M9\) then it is equaivalent to y" — 
yQny- 1) + a. 

Two equations of Type III. 3 are equivalent if and only if invariant J U9\) 
for both equations is the same and equals to constant a. 

(4) // Jq ^ const, J 9 = b 2 = const ^ from U9\) then it is equaivalent to 
y" =yQny- l)±bxy + l. 

Two equations of Type III. 4 are equivalent if and only if invariant Jg H9\) 
for both equations is the same and equals to constant b 2 . 

(5) // Jq 7^ const, Jg ^ const from U9\) then it is equaivalent to y" = y(lny — 
1) +t(x)y + s(x), s(x) ^0. 

Two equations of Type III. 4 are equivalent if and only if after the transfor- 
mation x — J(x,y), y = Je(x,y) their notations become identical. 
In the case III. 5 functions t(x) and s(x) are definited up to transformations H8\) . 
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Equations of Type III 



Type 



J 



Canonical form 



111.1 
III 2 

III 3 ^ const 

III 4 ^ const 





-const^ 


-const^ 



III 5 7^ const 7^ const 







= const^= 
7^ const 



y{lny 
y(lny 
y(lny 
y(\ny 



1) 

1) ± bxy 
l) + a 

1) ± bxy + 1 



7^ const y" — y(lny — 1) + t{x)y + s(x), 
s{x) ^ 



Proof. Let us have the certain equation ([T]) of Type III. Then in terms of 
canonical coordinates it has the form (|17l) . 

(1) If J 6 = and Jg = 0, then s(x) = 0, t'(x) = 0. Therefore t{x) =t = const. 
Choosing the parameter a from the point transformation (|18[) we can get 
t = t — In a/2 = 0. Thus the canonical form is y" = y(lny — 1). 

(2) If Jg = and Jg = b 2 = const then s(x) = 0, t'(x) = ±b = const. 
So t(x) — ±bx + t, t = const. Let's make the point transformation (|18[) : 
t(x) = ±b(±Z + P) + 1 - lna/2 = ±6i + (±6/3 + t - In a/2). Choosing the 
parameters a and (3 we get = ±&i. 

It is easy to check that two equation of Type III. 2 are equivalent if and 
only if invariants J9 (fT9|) for both equations are equal to the constant b 2 . 

(3) If Jq 7^ const, Jg = 0, then t'(x) = and s'(x) = 0, s(x) 7^ 0. Hence t(x) = 
t = const, s(x) = s = const 7^ 0. Let's make the point transformation (|18|) : 
t = t — lna/2, ,s = y/a ■ s. Choosing the parameter a we can make t = 0. 
At the new coordinates J = s = a. Thus two equations of Type III. 3 are 
equivalent if and only if invariants J for both equations are equal to the 
constant a. 

(4) If J 9 = const ^ then s'(x) = and t'{x) = ±b = const ^ 0. So t{x) = 
±bx + 1, t = const, s(x) = s = const 7^ 0. Hence t(Z) — ±6(±i + ft) + 
t — lna/2, s = \fa ■ s. Choosing the parameters a and j3 we can make 
t = ±bx, s = 1. So in terms of new coordinates equation has form y" = 
y (In y — 1) ± bxy + 1 . It is easy to check that two equation of Type III. 4 are 
equivalent if and only if invariants Jg (|19p for both equations are equal to 
the constant b 2 . 

(5) If J3 ^ const, Jg ^ const then equation has form y" — y(lny — 1) +t(x)y + 
s(x), s(x) 7^ 0. The first way: two equations of Type III. 5 are equivalent 
if and only if in terms of canonical coordinates condition t(±X + j3) + 
In s(±X + j3) = T(X) + In S(X) holds, where the second equation in terms 
of canonical coordinates has form 

Y" = YQxiY - 1) + T{X)Y + S{X), S(X) ^ 0. 

The second way: note that for any equation ([T]) of Type III. 5 invariants 
J and Jq are functionally independent. Hence we can make the invariant 
point transformation: 

x = J(x,y), y = J 6 (x,y), x = J(X,Y), y = J 6 (X,Y). 

Equations are equivalent if and only if in terms of coordinates (x,y) their 
notations become identical. 
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8. Equations of Type IV 

Definition 4. Let us say that equation {7p has Type IV if conditions {iSj) hold, 
where h = 3(C* + 5) /5C, C = const, C ^ 0, -1, -2, -5. 

According to Theorem [1] any equation (p} of Type IV can be reduced by point 
transformations ([2]) into the canonical form: 

(20) y"= { C + V l)iC + 2) +t{x)y + S ^ 

Lemma 4. The most general point transformations that preserve the canonical 
form \20\) are the following ones: 

C + l -2C 

(21) x = a c + 5 x + (3, y = a c + 5 y. 

Here a, j3 are some constants. In terms of new coordinates equation has the 
form: y" = y c+2 /{{C + 1)(C + 2)) + t{x)y + s(x), where 

~,~x 2(C+1) C + l . l „,_.. 2(C + 2) C+l . , 

t(x) = a c+5 -t(ao+tix + (3), s(x) = a c+s • sjawi + p). 
The basic invariants (gj), ©, (JHSJ) are 

C7(C + 5) y c + 2 + (t(x)y + s(x))(C + 1)(C + 2) 



15(C + l)(C + 2) y c + 2 
_ (C + 5) t(x)y(C + l) + s(x){C + 2) 
6 ~ 5 ' y c + 2 



hi = 



C(g + 5) 4 (^ + S '(:r)) 2 

1875 ' y 3C + 5 
(V 7 / 9 ) 2 _ 4C(C + 5) 10 (t'(x)y + s'{x)f {t"{x)y + s"{x)f 



N 3 29296875 y 7C+n 

The additional invariants 
(22) 

15(C + 1)(C + 2)J 3 - C{C + 5) _ t(x)y + s(x) 



C(C + l)(C + 2)(C + 5) y 



C+2 



5/ 6 _ t(x)y(C + 1) + s(x)(C + 2) _ 1875 _ (t'{x)y + s'{x)Y 



J21 = 



C + 5 y c + 2 ' C(C + 5) 4 zj 3C + 5 

29296875/21 (*'0c)y + s'(a;)) 2 (t"(z)y + s" ' {x)f 



4C(C + 5) W y 7C + u 



Jl — (C + 2) J3 — Jq — Jc+l ' >^2 — "^6 ~ (C + 1)^3 — ' 
J 2 J 9 _ (f (jQg + s'{x)) 2 

jc+i t(x) c+i J\ y i w 

/J21 t"(a:)i/ + s"(:c) <"(x)y + S "(x) 



J9 y 2C+3 ' J1 2 yt 2 (x) 



Theorem 5. Lei equation {Ip 6e an arbitrary equation of Type IV. Then it is 
equivalent to some equation from the following list of nonequivalent equations of 
Type IV: 
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C + 2 

(1) If J\ = 0, J 2 = from then it is equaivalent to y" = (c+i)(c+2) • 

(2) If Ji = 0, J9 7^ 0, Jg = /rom i/ien it is equaivalent to y" — 

v c+2 1 1 

(C+l)(C+2) T ^ 

(3) If J\ — 0, J2 7^ 0, Jg 7^ 0, -ftTi = /rom (22(1 then it is equaivalent to 

C + 2 

» — (C+l)(C+2) T x - 

(4) If Ji = 0, J2 7^ 0, i^i 7^ /rom {Hp iften is equaivalent to y" = 

(C +l)(C+2) + S "( X ) ± °- 

Two equations of Type IV. 4 with the same parameter C are equivalent if and 
only if after the transformation x — J%(x,y), y — Jg(x,y) their notations 
become identical. 

(5) If Ji 7^ 0, J 2 = 0, Jg 7^ 0. Ki = from Q$), it is equaivalent to y" = 

y c + 2 
(C+l)(C+2) + X V- 

(6) If J\ 7^ 0, J2 = 0, K = k = const 7^ from (22\) then it is equaivalent to 

,," - y c+2 a- M. 

y (c+i)(c+2) T • 

Two equations of Type IV. 6 with the same parameter C are equivalent if 
and only if invariant K (20i) for both equations is the same and equal to 
the constant k 7^ 0. 

(7) If Ji 0, J2 7^ 0, K = k = const =/= from 122(1 then it is equaivalent to 



II _ 1/ 4y 

y ~ (C+i)(C+2) + W 1 



1. 



Two equations of Type IV. 7 with the same parameter C are equivalent if 
and only if invariant K (22\) for both equations is the same and equal to 
the constant k 0. 

(8) If Ji 7^ 7 Jg = 0, K = 0, J = a from (22)) then it is equaivalent to 

n _ y c+2 

y ~ (c+i)(c+2) + y + a - 

Two equations of Type IV. 8 with the same parameter C are equivalent if 
and only if invariant J (22)) for both equations is the same and equal to the 
constant a. 

(9) If Ji 7^ 0, J 9 7^ 0, J = a = const from (22)) then it is equaivalent to 
V" = (6^+2) +t(x)y + atVW+V(x). 

Two equations of Type IV. 9 with the same parameter C and invariant 
J = a = const are equivalent if and only if after the transformation 
x = J±(x,y), y = Jg(x,y) their notations become identical. 

(10) If Ji 7^ 0, J2 7^ 0, Jg 7^ 0, K\ = from (22(1 then it is equaivalent to 

y" = (C+1KC+2) +xy + mx + n. 

Two equations of Type IV. 10 with the equal parameter C are equivalent if 
and only if in terms of canonical coordinates their constants m and n are 
the same. 

(11) If Ji 7^ 0, J 2 7^ 0, Jg 7^ 0, Ki ^ 0, K ^ const, J ^ const from then 

(7+2 

it is equaivalent to y" — (c+i)(c+2) t( x )y + s(x). 

Two equations of Type IV. 11 with the same parameter C are equivalent if 
and only if after the transformation x = J(x,y), y = Ji(x,y) their nota- 
tions become identical. 



In the cases IV. 4, IV. 9 and IV. 11 t(x) and s(x) are definited up to transformations 
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Equations of Type IV. 



Type Ji J 2 



K 



J 



J9 




c 








?/ 








y 


^0 





V 


^0 


^0 


y 


^0 





y 


^0 




y 


^0 


^0 


y 








y 


^0 


V 


v 



IV. 1 
IV. 2 
IV. 3 

iv. 4 
IV. 5 
IV. 6 
IV. 7 
IV. 8 
IV. 9 





Q 


^0 
^0 
^0 
^0 
^0 





^0 
^0 






V 
V 



^ const 
k =consfc£ 



^ fc = consb£ 





^ const 






^ const 
a = const 
a —const =/= 



7^ ^= const ^ const =/= 
7^ ^ const ^ const 7^ 7^ 



2/ = 



■ (C+l^C+2) 
: (C+^(C+2) 

: (C+l)(C+2) 

- (C+l^C+2) 

: (C+l)(C+2) 
y 6 + 2 

■ (C+^(C+2) 

' (C+l)(C+2) 

y c + 2 
(C+l)(C+2) 

-mx + n 

y c + 2 
~ (C+l)(C+2) 

-s(x) 



1 

■ X 

s{x) 
xy 

4y_ 

kx 2 
4y 
k 



y + a 
■t(x)y- 

xy+ 
t(x)y- 



Proof. Let us have the certain equation (p} of Type IV. Then in terms of 
canonical coordinates it has the form (1201). 



(1) If Ji = and J 2 = then t(x) = and s(x) = and equation has the form 

v c+2 

y" 



(C+l)(C + 2)' 



(2) If Ji = 0, J 2 7^ 0, J 9 = 0, then t(x) = and s'(x) = 0. So s(x) = s = 
const 7^ 0. Let's make the transformation IpT]). Then s = q 2 ( c + 2 )/( c '+ 5 ) • s . 
Choosing the appropriate a we can make 3=1, therefore: 

yC + 2 

y (C+l)(C + 2) + 

(3) If Ji = 0, J 2 7^ 0, J 9 7^ 0, Kx = 0, then t(x) = 0, s"(x) ee 0. So 
s(a;) = S1X + S2, s\ = const 7^ 0, s 2 = const. Let's make the transformation 
(pll). then 



_,~\ 2(C + 2) C + l ^ x 3C + 5 _ 2(C + 2) 

s(x) = a c "+ 5 • (si(a^+5x + /?) + s 2 ) = a'J^six + a c '+ 5 • (si/3 + s 2 ). 

Choosing the parameters a and /3 we can make s(i) = x, then equation 
will be 

yC+2 

y = (C + l)(C + 2) +X ' 

(4) If Jj = 0, J 2 ^ 0, J 9 7^ then 4(a:) ee 0, s"(x) ^ 0. Hence in terms of 
special coordinates: 

yC + 2 

y "= (C + l)(C + 2) +s{x) - 
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Let we have two equations of Type IV. 4 with the same parameter C . 
The first way: we reduce both equations in the canonical forms 

v C+2 yC+2 

y " = WTWT2) +s(x) ' Y " = (cTT)icT2) +S{X) - 

They equivalent if and only if exist the constants a and /3 such that 

2(C + 2) c + 1 

S{X) = oT^r . s (a^+EX + (3). 

The second way: note that for any equation ([1]) of the Type IV. 4 invari- 
ants J 2 and Jg are functionally independent. So, we can make the invariant 
point transformation 

x = J 2 (x, y), y = J 9 (x, y), x = J 2 (X, Y), y = Jg(X, Y) 

for both equations. Equations are equivalent if and only if in terms of new 
coordinates (x, y) their notations become identical. 

(5) If Ji 7^ const, J 2 = 0, Jg 7^ const, K\ = 0, then s(x) = 0, t"(x) = 0, so 
t(x) = t\x + t\ = const 7^ 0, t 2 — const. After the transformation ()2 1 [) : 

2(C + 1) O+l ., „. . 3(C + 1) _ 2(C + 1) 

t(x) = a ^+5 ■ (ti(a^+5a; + /?) + ^2) = a tix + a w • (*ij8 + t 2 ). 

Choosing parameters a and /3 we can make t(x) = i. Hence equation will 
be 

V " = (C + l)(C + 2) + Xy - 

(6) If Ji 7^ const, J 2 — 0, J — 0, K ~ k = const 7^ 0, hence s(a;) = 0. In this 
case 

, , , = k, tlx) = — = , en = const. 

t 3 (x) (Vk-x + c ) 2 

After the transformation (12T1): 



2(C+1) 2(C + 1) 

4a c+5 4 a c+5 

H 2 ') ~ ^ ; 75+T 



(y/k- (a^x + 0) + c ) 2 (a^Vk- x + /3yfk + c ) 2 

So we can take the appropriate parameters a and /3 so that s = 1 and 
^Vfc + co = 0: 

_ 4 ^_ _„ _ y c+2 Ay 

Two equations of Type IV. 6 with the same parameter C are equivalent 
if and only if invariants K for both equations are the same and equal to 
constant k 7^ 0. 

(7) If Ji 7^ const, J 2 7^ const, K = k = const =/= 0, then s'(x) = and 
s(x) = s = const 7^ 0: 

t' 2 (x) , 4 

„, . = fc, ila;) = — = , c = const. 

t 3 (x) y ' (v^-x + co) 2 

2(C + 2) 

After the transformation (1211): s = a c + 5 • s, 



2(C+1) 2(C + 1) 

4a c "+ 5 4a c "+ 5 

t{x) 



(yfk ■ (a^i + 0) + c ) 2 (a^Vk- x + fiyfk + c ) 2 
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So we can take the appropriate parameters a and /3 so that s = 1 and 
l3Vk + c = 0: 

ff~\ 4 ~ i ~" yC+2 Ay i i 

i(x)= fc^' S = 1 ' y = (C + l)(C + 2) + fc^ + L 

Two equations of Type IV. 7 with the same parameter C are equivalent if 
and only if invariants K for both equations are the same and equal to the 
constant k 7^ 0. 

(8) If Ji 7^ const, Jg = 0, then t'(x) = and s'(x) = 0, so t(x) = const ^ 0, 

C + 2 

s(x) — const ^ 0. As J = a = const, then s — at c + 1 . Let us make the 
transformation (|2~Tj) . then 



2(C + 1) 2(C + 2) 

i = a c'+s . s = a c '+ s ■ s. 

Choosing the appropriate a we can make t = 1, then s = a. In terms of 
new coordinates equation has the form 

f= (C+l)(C + 2) +y + a - 

Two equations of Type IV. 8 with the same parameter C are equivalent 
if and only if invariants J for both equations are the same and equal to 
constant a. 

C + 2 

(9) If Ji 7^ 0, Jg 7^ 0, J = a = const, then s(x) — at(x)c+ T , t(x) ^ const. 
Therefore in terms of special coordinates equation has the form 

y "= (cS(C + 2) +t{x)y + a - tix)m - 

Let we have two equations of Type IV. 9 with the same parameter C and 
invariant J — a. To solve the equivalence problem we can 

1) reduce equations into the canonical forms 

V " = (C+l)(C + 2) + t{x)y + a ■ t{x)m > 

Y/, = (cjZ + 2) +TiX)Y + a - TiX)m - 
They equivalent if and only if exist the constants a and /3 such that 

2(0+1) C + l 

T(X) = a^+^r ■ t(a^X + (3). 

2) make the invariant point transformation. 

x = Ji(x, y), y = J 9 (x, y), x = J\{X, Y), y = Jg(X, Y). 

Note that for any equation ([1]) of Type IV. 9 invariants J\ and Jg (j2"2"|) are 
functially independent. Equations are equivalent if and only if in terms of 
new coordinates (x, y) their notations become identical. 
(10) If J x ^ 0, J 2 ^ 0, J 9 ^ 0, K x = 0, then t"{x) = and s"(x) = 0. So 
t(x) = tix + t 2 , ti = const 7^ 0, ti = const; s(x) = Six + s 2 , S\ = const 7^ 0, 
s 2 = const. Let us make the transformation (|21[) . then 

~. , 2(C+1) C+l _ . . 3(C + 1) _ 2(C + 1) 

i(a;) = a c + 5 ■ {ti{a~e+sx + p) + t 2 ) = a c+s tix + a c+5 •(i 1 /3 + < 2 ), 

_ 2(C + 2) c+l _ , 3C + 5 _ 2(C + 2) 

s(x) = a c+5 . (s 1 (ac+5x + p) + s 2 ) = a c+s SlX + a c+s ■ (sip + s 2 ). 
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Choosing the parameters a and (3 we can make t(x) — x, but in this case 
s(x) = mi + n, m = const =/= 0, n = const. Thus equation has the form 

r= (c+ y i)(c+2) +£ y +mi+n - 

Two equations of Type IV. 9 with the equal parameter C are equivalent if 
and only if in terms of canonical coordinates their constants m and n are 
identical. 

(11) If Ji 7^ 0, J2 7^ 0, Jg 7^ 0, K 7^ const, J 7^ const, K\ 7^ 0, then in terms of 
special coordinates equation has the general form 

yC + 2 

V "= (C + l)(C + 2) +t{x)y + s{x) - 

Let we have two equations of Type IV. 11 with the same parameter C. To 
solve the equivalence problem we could 

1) reduce both equations into the canonical forms 

y c+2 

yC+2 

r ' = WTTWT2) +TiX)Y + S{X) - 

They equivalent if and only if exist the constants a and /3 such that 

2(C+1) C + l 2(C + 2) c + 1 

T(X) = ■ t{a^X + /3), S(X) = ■ s(a^ X + (3). 

2) make the invariant point transformation. 

x = J(x, y), y = Jx(x, y), x = J(X, Y), y = Ji(X, Y). 

Note that for any equation ([T]) of Type IV. 11 invariants J and J\ ([22]) are 
functially independent. Equations are equivalent if and only if in terms of 
new coordinates (x, y) their notations become identical. 

8.1. Examples. 

8.1.1. Equation Painleve III with 3 zero parameters. The Painleve III equation 
depends on 4 parameters (a, b, c, d) 

PJII(a, b,c,d): y»= y --l + ^l±A + cy 3 + i 

y x x y 

By the paper [12) all equations Painleve III with 3 zero parameters are equivalent 

PIII(0, b, 0, 0) 4 PIII(-b, 0, 0, 0) -I PIII{0, 0, -b, 0) % PIII(0, 0, 0, b), 

where the point transformations 1) and 3) are: x = x, y = 1/y and 2) is: x = 
i 2 / 2 , V = y 2 - 

In this way suppose that a^O, b = c = d ~ 0. For the equation PIII(a, 0, 0, 0) 
conditions ((6]) are hold and invariants (j4|) are equal to: 

h = % h=0, h = ^- 
5 15 

As J 3 = 0, then according to Theorem [21 equation PIII(a, 0, 0, 0) has Type 1.1. 
Let us find the corresponding change of variables. The first point transformation 
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(see pQ) takes equation PIII(a, 0, 0, 0) into the following form: x = e*, y = e z 7 
z" = ae t+z . 

The second transformation reduces it in the canonical form: t = x/s/a, z = 
y-x/y/a, y" = e v . 

8.1.2. Equation from the handbook Kamke No. 6.172. Equation from the handbook 
Kamke [H] No. 172 

" y' 2 a v' u 2 t / r\ 

V = by , 6/0 

y a: 

has Type I and invariants (J4j) , (JSJ : 

3 1 2a 2a 16a 2 

h = 7> 7 2 = 0, h = 77 + 777 77-777' 7 < 



5 ' 15 15(a-l)A9' h{a-\)x 2 ev' 1875(a - l) 2 x e e 3 y ' 

Let us calculate the additional invariants (1131): 



2a( a -l) 2(o-l) 

^3 = ^6 = T7 — ' A = • 

yoar a 

According to Theorem [2] this equation has Type 1.4. with k = 2 (a — l)/a if a ^ 
and a ^ 1. In the special cases a = or a = 1 equation has Type LI. 

Let us find corresponding change of variables. The first transformation (as b ^ 

0): 

t if Z CLZ n 

y = z, z" = h z . 



V=F ' z t 

Then, as a ^ 1, the second transformation 

(=(l-a)^I^, z = e Y , Y" = (l-a)^X^e Y . 

In the end, as a ^ 0, the third transformation: 

, , , . it ^ 
X = 5, V = j/ + -ln((l -a)ir), y" - 



a — 1 " (a — l)i 2 

If a = 1, then the second and the third transformations: 

t = e x , z = e Y , Y" = be Y+2X ; X = x, Y = y-2x, y" = e y . 
8.1.3. Equation Painleve II. The Painleve II equation depends on one parameter a 
PII(a) : y" = 2y 3 + xy + a. 

It also has form (J7J and satisfies to the conditions ^ with invariant I\ — 18/5. 
According to Theorem [5] it has Type IV, case C = 1. Let us calculate the additional 
invariants 

T - x T - a , W3 1 1 ^ _ n 

Jl ~IV' J2 -TV' J -^' j9 "iW 1 

We see that the equation PII(a) has Type IV. 10 if a ^ and Type IV. 5 if a = 0. 

Let us calculate a;, y and a via invariants: x = l/\/~K, y = l/(2V3\/7g), a = 
J 2 /2V3V7^. 

Theorem 6. Equation Uty of Type IV is equivalent to Painleve II equation with 
parameter ±a if and only if 

(23) (7=1, / 2 = a = const, K x = 0. 

2V3v^9 



T/ie explicit point transformation is x — 1/ y/K(x, y), y — l/(2y / 3\/ Jg(x, y)). 
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Proof. At first we write the PII(a) equation in the canonical form: 

x = X, y= Y" = ^— + XY + 2V3a. 

2^/3 6 

Let a = 0, then equation PII(O) is already of Type IV. 5. 

Let a 0. If for the certain equation of Type IV. 10 conditions (|23| are hold, 
then in terms of canonical coordinates 

S(x)y 2 2V3a. 



t'(x)y + s'(x) 

It is true if and only if C = 1 and s'(x) = 0. So s(x) = s = const 0. Then 
t(x) = sx/(2y/Sa) + t,t — const, therefore K\ = 0. 
Let us make the point transformation (|21|) : 

r/~\ i I s(aix + (3) \ 

t(x) = az \ — = + t , s = a - s. 

\ 2V3a J 

If we take a = 2v / 3a/s, j3 — —ts^(2y/3a)^, then t(x) = x, s = 2\/3a and we get the 
Painleve II equation that is written in terms of the canonical coordinates (J, y). 

8.1.4. Equation from the handbook Kamke No. 6.24- Equation from the handbook 
Kamke [H] No. 6.24 

y" = -Say' + 2y 3 - 2a 2 y 

has Type IV and invariants I\ = 18/5, I3 = 1/15, J\ = 0, J 2 = 0. According to 
Theorem [5] this equation has Type IV. 1 with C = 1. Let us make the transforma- 
tions: 

ln(-3aX) 2y(a 2 -V 2 ) 

3a ' V ' 9a 2 V 2 ' 

v a 2 x 3 axy _„ y 3 

X = , Y — — — , y = — . 

36 2V3 y 6 

8.1.5. Equation from the handbook Kamke No. 6.140. Equation from the handbook 
Kamke [15] No. 6.140 

v a 

2y 

has Type IV and invariants I\ — 18/5, I3 = 1/15, J\ = 0, J2 = 0. Thus it has Type 
IV. 1 with C = 1. By the transformations x = i/\/3, y = y 2 /4 it is reduced into 
the canonical form: y" = y 3 /6. 

So equations from the handbook Kamke No. 6.24 and No. 6.140 are equivalent. 

8.1.6. Equation from the handbook Kamke No. 6.141- Equation from the handbook 
Kamke [15] No. 6.141 

y" = V —+±y 2 + 2y 

has Type IV and invariants I\ — 18/5, J\ — l/(12y), J2 = J = K = Jg = 0. Hence 
it has Type IV. 8 with a — 0. Thus it can be reduced into the canonical form: 
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8.1.7. Emden equation. The Emden equation in the form described in paper [2]: 

(24) y" = X(x)y n , n + -3, 0, 1, 2, X(x) ? 

has I\ = 3(n + 3)/(5(n — 2)), I2 — 0, J2 = hence this equation has Type IV with 
parameter C = n - 2. Possible cases IV. 1, IV.5, IV.6, IV.8 and IV.9. 
Invariants (1221) are the follows: 



AA"(n + 3)-A' 2 (n + 4) 



Jg = 



(n + 3) 2 (n- l)nAV -1 ' 
((n + 3) 2 A"'A 2 - 3(n + 3)(n + 5)A'A" + 2(n + 4)(n + 5)A /3 ) 2 
(n + 3) 6 (n- l) 3 n 3 A(a;) 9 y 3 ("- 1 ) 



_ Jg _ ((n + 3) 2 A"'A 2 - 3(n + 3)(n + 5)A'A" + 2(n + 4)(n + 5)A' 3 ) 2 



Jf (A(x)A"(a;)(n + 3) - A(.x) ,2 (n + 4)) 3 

Iff 

1 (ra + 3) 4 (n - l) 2 n 2 A(x) V (n ~ 1} ' 
#1* = (n + 3) 3 A 3 A"" - 4(n + 3) 2 (n + 6)A 2 A'A'" - 3(n + 3) 2 (n + 5)A 2 A" 2 + 
+ 12(n + 3)(n + 5) 2 AA' 2 A" - 6(n + 4)(n + 5) 2 A' 4 = 0. 

Type IV. 1. The Emden equation (fM]) has Type IV. 1 if and only if invariant 
Ji = 0. 

In this case function X(x) is the solution of following differential equation: 
(25) AA"(n + 3) = A' 2 (n + 4). 

Therefore X(x) = Ca/{ciX + l) n+3 , ci, C2 = const, c 2 7^ 0. In this case the Emden 
equation could be transformed into the canonical form 



-// V n+ {/n(n- l)c 2 1 y 

y =7 TV' x = : 777=7 ' V = Cl r °) 



2/ = y, ci = 0. 



y/c 2 n(n - 1) ' 

Type IV.8. The Emden equation ([24]) has Type IV.8 if and only if invariants 
Ji 7^ 0, Jg = 0. Then A(x) satisfies to the following differential equation 

(26) (n + 3) 2 A"'A 2 - 3(n + 3)(n + 5)A'A" + 2(n + 4)(n + 5)A' 3 = 

and doesn't satisfies to (|25|) . Then equation (|24|) could be transformed into 



-// V . - 
[n — l)n 

Type IV.5. The Emden equation has Type IV.5 if and only if invariants 
Ji 7^ 0, Jg 7^ 0, K 7^ const, K\ = 0. Then A(x) satisfies to the following differential 
equation 

(n + 3) 3 A 3 A"" - 4(n + 3) 2 (n + 6)A 2 A'A"' - 3(n + 3) 2 (n + 5)A 2 A" 2 + 
' 2 ' ' + 12(n + 3)(n + 5) 2 AA' 2 A" - 6(n + 4) (n + 5) 2 A' 4 = 
and doesn't satisfies to (|25"|) , (|26l) . ([28]). Equation (l24l) could be transformed into 



y = 7 7T- + ^y- 

(n — ljn 
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In particular, this equations is equivalent to the Painleve II with the parameter 
a = if and only if n = 3 and the function X(x) satisfies to the following equation: 

9A 3 A"" - 54A 2 A'A'" - 36A 2 A" 2 + 192AA' 2 A" - 112A' 4 = 0. 



Type IV. 6. The Emden equation (|24|) has Type IV. 6 if and only if invariants 
J\ 0, Jq ^ 0, K = k = const ^ 0, K\ ^ 0. Then X(x) satisfies to the following 
equation 

A"' 2 A 4 (n + 3) 4 - 2A"'A'A 2 (n + 5)(n + 3) 2 (3A"A(n + 3) - 2A' 2 (n + 4)) - 
- A" 3 A 3 fc(n + 3) 3 + 3A" 2 A /2 A 2 (n + 3) 2 (3n 2 + 30n + kn + 75 + 4k)- 

^ - 3A"A' 4 A(n + 4)(n + 3)(4n 2 + 40n + kn + 100 + Ak)+ 
+ X' 6 (n + 4) 2 (4n 2 + 40n + kn + 100 + 4fc) = 

and doesn't satisfies to (|25|). (|26|) . ([27| . Equation ([24| could be transformed into 



y" = r + 

(n — l)n kx 2 

Type IV.9. At the other cases the Emden equation has Type IV.9. Then 
exists the special coordinate system, so that in terms of these coordinates equation 
has form 

v n 

v" = , n + t(x)y. 
[n — ljn 
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Appendix A. Explicit formulas for the components of the 

PSEUDOVECTORIAL FIELDS, PSEUDOINVARIANTS AND INVARIANTS 



Here and everywhere the notation Kij denotes partial differentiation: K^j = 
<)' ' K dx'dyf. 

The coordinates of the pseudovectorial field a are a 1 — B, a 2 = —A, where 



A = P .2 - 2Qi.i + R 2 .o + 2PSi. + SPlo - ZPRo.i - 3RP .i - ZQRi.o + 6QQ0.1, 
B = S 2 .o - 2i?i.i + Q0.2 - ZSPo.i - PS0.1 + 3SQi. + 3QSi.o + 3i?Q .i - QRRi.o- 
The pseudoinvariant F of weight 5 is: 



(29) 



(30) 



3F 5 = AG + BR, 



where 



G = -BB-l.o - 3AB .i + TBAo.i + 3SA 2 - QRBA + 3QB 2 , 
H = -AA 0A - 3BAl + 4ABi.o - 3PB 2 + QQAB - 3RA 2 . 
The pseudoinvariant N in the cases A ^ and B^0, respectively, is. 



(31) 
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The pseudo-invariant M in the case 4^0: 
(32) 

M = - 12gJV ^ + Al -°) +^,0+^^+1^,0+1^, -AN*ANR. 

And in the case B ^ is: 
(33) 

M = - 12AN <f B - B °'> -AN^fANR-lN^-lNB^BN^-fBNQ. 

The pseudoinvariant in the case AiO: 
(34) 

rt _ 2BA 1 . (BP + A 1 .g) (2ffi. + 3£Q)Ai. , (A , - 2B 1 . )BP 
A 3 A 2 + A 2 

BA 2 .o + B 2 P 1 . B 2 . 3Bi.oQ + 3BQi. - B QA P - BP 0A 

J2 + — + J + «0.1 - 2^1.0- 

The pseudoinvariant in the case B ^ 0: 
(35) 

2AB QA {AS - B QA ) _ (2A).i - 3Afl)B , (g^p - 2A),)Aff 
B 3 52 + S 2 + 

AB . 2 - A 2 S .i A . 2 3^o.iii + 3ARo.i-^i.o5-ASi.o , _ 
+ ^ g- + g + Ki.o - 2Qo.i- 

In the case A ^ the field 7 is: 
(36) 

y = _ 6B*(flP + A, ) + Igggg + 6AT(iW Aq,) _ N ^ _ 12 NR _ mB 

^ = - m{B l + A ^K N J + l NQ + 2nA. 

In the case B ^ the field 7 is: 
(37) 

6^ -£„,) _ 

5B 5 
= _ 6AiV(^ Bp,) 18AUg _ 6^, + B, ) _ 12 

' 5B 2 5B 5B 5 

The pseudoinvariant T is: 

r _ 7 1 7 2 (7 1 1 .o-7o 2 . 1 ) . (TWi - (7 1 ) 2 7i 2 .o . 
M M 

Ph 1 ) 3 + 3Q( 7 1 ) 2 7 2 + 3i?7 1 (7 2 ) 2 + g(7 2 ) 3 
M 

Explicit formulas for the invariants I 6 , Ig, J21: 
(39) 

T {h)' x B-{hy v A ((hY^ + ihYyi 2 ) 2 _ _ ((/ 9 )L7 1 + (/ 9 );7 2 ) 2 

76 n ' 9 ~ 7V3 ' 21 ~ iV3 ' 



(38) 



